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Small Spaces with Large Point Character 
VOJTEcH RODL 
Let (X, Q) be a metric space. An open covering IlIt of (X, Q) is a family of open subsets of 
X with X = Uillt. The IlIt is called uniform if there exists e > 0 such that for every x E X 
there is U E IlIt which contains the e-ball Be(X) = {y, Q(X, y) < e} . 
By the well-known theorem of A. H. Stone [10] each metric space is paracompact and 
hence each open covering IlIt of (X, Q) has an open locally finite refinement j/" -i.e. there is 
an open covering IlIt with the two following properties: 
(a) for each x E X there is a neighborhood of x which meets only finitely many members 
of j/"; 
(b) for every V E j/" there is an U E IlIt with V c U. 
The question, whether in Stone's theorem open coverings may be replaced by uniform 
ones (i.e. whether every uniform covering has a locally finite uniform refinement) was 
originally formulated by A. H. Stone [9] and is mentioned also in Isbell's book [3]. The 
answer to this question is clearly positive for any Euclidean space or more generally 
separable space. However, the question was answered negatively in [4] and [8], where it was 
shown that the space I", (I() (I( infinite and sufficiently large, Pelant's bound I( ~ i"~1 is better 
than that of [8]) does not have the above property. In [7] we proved that the space Ip(I(), 
o < p < 00 (I( large) does not have this property either. This together with some other 
related questions was further studied in [6]. All those examples have large number of points. 
The aim of this note is to construct a relatively small space (smallest possible) giving a 
negative answer to Stone's question. We will need the following definitions: We say that a 
covering IlIt is c-bounded if diam U < c for every U E 1lIt. Here diam U = sup {Q(x, y), 
x, y E 1lIt} we say that a covering IlIt is bounded ifit is c-bounded for some c > O. The central 
notion of our paper is the notion of point character: 
DEFINITION. Let I( be a cardinal number, we say that the point character of a metric 
space (X, Q) is bigger than I( and we denote it by pc(X, Q) > K if there exists c > 0 such 
that for every c-bounded uniform covering IlIt of X there is a point x E X which is contained 
in at least K members of 1lIt. We set pc(X, Q) = A. if A. = min {K; pc(X, Q) ;j> I(}. A space 
with pc(X, Q) ~ ~o is also called point finite. As clearly, for any Euclidean space En 
pc(En ) = n + 2 the point character provides suitable generalization of the notion of 
dimension for the 'infinite dimensional' case. 
The Stone question is now equivalent to ask whether every metric space (X, Q) is point 
finite. (Clearly, the positive answer for the former would give a positive answer to the latter 
and one can show (see [3]) that the reversed implication holds as well.) 
It has been observed in [5], that the point character of a metric space cannot be larger 
than its cardinality and thus pc(X, Q) ~ K implies IXI ~ 1( . On the other hand the results 
proved in [4], [6], [7], [8] do not ensure the existence of the space with the same cardinality 
and dimension (point character). The above mentioned examples, giving negative answer 
to Stone's question have point character ~I but their cardinality is larger. Here we prove 
the following 
THEOREM 0.1. There exists a metric space (X, Q) with 
pc(X, Q) = IXI = ~I 
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This is related to a recent result of J. Pelant (oral communication), who proved by different 
means that pc(lo(OJ» ~ ~,. Thus assuming the continuum hypothesis 100 (OJ) provides such 
an example also. Our method is based on the theory of graphs. 
By a graph G we shall understand a couple (V, E), where V = V(G) is the set of vertices 
and E = E( G) c [Vf is the set of edges-[ vf is the set of all unordered pairs of distinct 
elements of V. The chromatic number X(G) of a graph G is the least number of colors, needed 
to color the vertices of G so that no two adjacent vertices get the same color. Any such 
coloring is called a chromatic coloring. We say that the vertices v" V2, ... , Vn form a cycle 
of G if {Vi' vi+,} E E(G) for i = 1,2, ... , n - I and {v,vn} E E(G). If x is a vertex of G 
the neighborhood NG(x) of x in G is the set of all vertices adjacent to x. If x and yare two 
vertices of G, the distance of x and yin G (distdx, y» is the minimal positive integer n such 
that there exists a path with vertices x = Xo, x" .. . , Xn = Y (i.e. {Xi' xi+d E E(G» for 
i = 0, 1, ... , n - 1. If such sequence does not exist we put distdx, y) = 00. Let 
(V" F,) (f.'2, F2) be two graphs, by a homomorphism we understand a mapping 4>: VI -+ f.'2 
such that {v, w} E F, implies {4>(v), 4>(w)} E F2 • It is a matter of routine to verify 
XCVI, F,) !( X(V2 , F2)' 
GRAPHS AND POINT CHARACTER 
We shall need the following. 
1.1. DEFINITION. Let G be a graph, i a positive integer and K a cardinal. We say that 
the jth point character of G is bigger than K - pcj G > K if for every coloring 4> of 
vertices of G with the property: 
distdx, y) ~ j implies 4>(x) # 4>( y), 
there exists a vertex Xo of G the neighborhood of which is colored with at least K colors. 
1.2. THEOREM. Let Gj , j = 1, 2, .. . be a sequence of connected graphs on disjoint 
sets of vertices with pdGj > K. If we denote by (X, e) the metric space defined by X = 
U}';.( V( G) with metric 
{
(I (i) distG(x, y), for x, y E V(Gj ) , 
e(x, y) = 1 
00, for x E V(Gi ), y E V(G), i #= i, 
then the point character of the space (X, e) is bigger than K-i.e. pc(X, e) > K. 
PROOF. Take a I-bounded uniform covering IfIJ of X. Thus for U E 1fIJ, diam U < I and 
moreover, there exists e > ° such that for every x E Xq B,(x) = {y, Q(x, y) < e} c U for 
some U E 1fIJ. To every x E X choose U E IfIJ with this property. This defines the mapping 
4>: U jE W V(G) -+ 1fIJ. 
Take jo so large that I lio < e and consider a mapping cf> restricted to the vertex set of the 
graph Gjo ' Evidently, this mapping satisfies 
distG (x, y) ~ io implies cf>(x) # cf>( y). 10 
Thus, there exists a vertex Xo E V(Gjo) the neighborhood of which is colored by at least K 
colors. But distG (xo, y) = 1 (i.e. y E NG (xo» implies e(xo , y) < e and thus Xo is contained ~ ~ 
in at least K members of 1fIJ. 
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ERDOS-HAJNAL GRAPHS 
We shall use the following result of Erdos and Hajnal (cf. [2]). 
2.1. THEOREM. For every infinite cardinal number K and positive integer n there exists a 
graph Gn(K) with the cardinality of the vertex set K chromatic number K and which does 
not contain odd cycles of length 3, 5, ... , 2n + I. 
First we prove one auxiliary lemma. Let H = (V, F) be a graph and < a linear ordering 
of its vertices. For every vertex v E V set 
LH(V) = {w: w < v and {w, v} E F}. 
2.2. LEMMA. Let A be an infinite cardinal and let H = (V, F) be a graph with I V I ~ 2'. 
Let < be a linear ordering of V. Let ¢ be a chromatic coloring of V with the property that 
LH(V) is monochromatic for every v E V. Then X(H) ~ A. 
PROOF. We may think about colors as ordinals smaller than 2". To every vertex v E V 
assign a pair ljJ(v) = (lXv, Pv) where IXv is color of LH(v)(if LH(V) =F 0 then set IXv = 0) and 
Pv is the color ofv-i.e. Pv = ¢(v). Then {v, w} E Fimplies IXv = Pw or IXw = Pv and thus 
IjJ defines a homomorphism from (V, F) into a graph with vertex set 2' x 2" (as usual, we 
identify 2' with the set of ordinals smaller than 2') and with vertices (IX, P), (y, (5) joined by 
an edge iff P = y or IX = £5. It was shown in [I] that the chromatic number of this graph 
is A and thus X(H) ~ A. We shall use further the following: 
CLAIM. Let (V, E) be a graph with X(V, E) = ~l and let E = U~~ I Ek be a partition into 
finitely many parts, then there exists ko ~ i such that X(V, Eko) = ~l' 
For K = ~l let Gn(~l) = Gn be the graph from 2.1. Theorem. We prove: 
2.3. LEMMA. pcjGn > ~ofor every n ~ j. 
PROOF. Let ¢ be a coloring of the graph Gn with the property described in 1.1. Defi-
nition. Suppose that the neighborhood of each vertex v E V(Gn ) has only finitely many 
colors. Let V = V(Gn) = U;':l Ci be a partition, where Ci = {x E V(Gn ); NG(x) is colored 
by i colors}. As X(Gn ) = ~l' there exists a positive integer i such that the subgraph G* of 
G induced on a set Gi has the chromatic number ~l' Clearly, every vertex v of G* = (V, E) 
has a neighborhood NG.(v) colored by at most i colors. Fix now a linear ordering of the 
vertices of G* and suppose moreover that the set { ¢( v); V E V( G*)} is also linearly ordered. 
Set ¢[LG'(v)] = {¢(w); wELG.(v)} and define a partition E(G*) = U~~IEk by Ek = 
{{v, w}; WE LG.(v) and ¢(w) is the kth largest color in ¢[LG'(v)]}. Then, clearly there exists 
ko ~ i such that X(B) = ~l' where B = (V(G*), Eko )' Moreover LB(V) is monochromatic 
for every v E V(G*). Consider the partition Eko = Fl U F2 defined by 
Fl {{x, y}; ¢(x) =F ¢(y)}, 
F2 {{x, y}; ¢(x) = ¢(y)}. 
As ¢ restricted to the graph H(V(G*), F1) is a chromatic coloring, we have according to 
2.2., Lemma X(H) ~ ~o. Thus X(V(G*), F2) = ~l and (V(G*), F2) contains an odd cycle 
with length necessarily bigger than 2n + 1 ~ 2j + 1. Hence there exist two vertices 
x, y E V(G*) with distG,<x, y) > j, but e(x) = e( y) contradiction. 
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MAIN RESULT 
PROOF OF THEOREM 0.1. Combining 1.2. Theorem and 2.2. Lemma we get an example 
of a metric space (X, e) with pc(X, Q) = IXI = ~l' 
Note that our proof yields the following stronger statement as well: 
3.1. THEOREM. If ~~P < ~Hl for every f3 < rx, then there exists a metric space 
(Xa+l' eHl) with 
PC(XH1 , eHl) = IX.+11 = ~.+l· 
Theorem 3.1 can be further extended. Recently we proved that the construction of our 
paper applied directly to generalized Specker graphs (cf. [2]) yields for an arbitrary infinite 
cardinal K a metric space (X, e) satisfying 
pc(X, Q) = IXI K. 
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